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A numer ica l  method f o r  t h e  e s t i m a t i o n  o f  leading-edge t h r u s t  f o r  supe r son ic  
wings o f  a r b i t r a r y  planform h a s  been developed and h a s  been programmed as an 
ex tens ion  t o  a n  e x i s t i n g  high-speed d i g i t a l  computer method f o r  p r e d i c t i o n  o f  
wing p r e s s u r e  d i s t r i b u t i o n s .  
son wi th  l i n e a r i z e d - t h e o r y  r e s u l t s  f o r  a series o f  f l a t  d e l t a  wings.  Applica- 
t i o n  o f  t h e  method t o  wings o f  a r b i t r a r y  planform - both  f l a t  and cambered - is 
i l l u s t r a t e d  i n  s e v e r a l  examples.  A s imple  local-sweep approximat ion  is  shown 
t o  provide  r easonab le  estimates o f  t h r u s t  f o r  c e r t a i n  classes o f  f l a t  wings o f  
a r b i t r a r y  planform and t o  permi t  t h e  des ign  o f  a wing l e a d i n g  edge f o r  a s p e c i -  
f i e d  t h r u s t  d i s t r i b u t i o n .  
The accuracy  o f  t h e  method is a s s e s s e d  by compari- 
I N T R O D U C T I O N  
Leading-edge t h r u s t  is an  impor tan t  f a c t o r  i n  t h e  aerodynamic performance 
o f  wings a t  subson ic  speeds .  This  f o r c e  r e s u l t s  from t h e  upwash f i e l d  ahead o f  
t h e  wing and t h e  h igh  l o c a l  v e l o c i t i e s  and accompanying low p r e s s u r e s  which 
occur  as a i r  f lows  around t h e  wing l ead ing  edge t o  t h e  upper s u r f a c e  from a stag- 
n a t i o n  p o i n t  on t h e  unde r su r face .  
large a s p e c t  r a t i o  depends d i r e c t l y  on t h e  presence  o f  leading-edge t h r u s t  t o  
c o u n t e r a c t  t h e  d rag  a r i s i n g  from p r e s s u r e  f o r c e s  a c t i n g  on t h e  remainder  o f  t h e  
a i r f o i l .  Leading-edge t h r u s t  f o r  subson ic  speeds  may be p r e d i c t e d  by a v a r i e t y  
o f  methods i n c l u d i n g  a v o r t e x - l a t t i c e  computer program ( r e f s .  1 and 2 )  capab le  
o f  handl ing  wings o f  complex planform wi th  t w i s t  and camber. 
The h igh  aerodynamic e f f i c i e n c y  o f  wings o f  
A t  supe r son ic  speeds ,  however, leading-edge t h r u s t  p l a y s  a s u b s t a n t i a l l y  
reduced r o l e .  In  r e l a t i o n  t o  o t h e r  f o r c e s  a c t i n g  on t h e  wing, t h e  t h r u s t  con- 
t i n u a l l y  dec reases  wi th  i n c r e a s i n g  speed u n t i l  t h e  Mach number normal t o  t h e  
l e a d i n g  edge becomes s o n i c ,  a t  which p o i n t ,  upwash ahead o f  t h e  wing l e a d i n g  
edge is reduced t o  z e r o  and t h r u s t  is no longe r  developed.  Fur thermore ,  even 
f o r  c o n d i t i o n s  where a s u b s t a n t i a l  amount o f  leading-edge t h r u s t  is  t h e o r e t i -  
c a l l y  p o s s i b l e ,  it o f t e n  happens t h a t  l i t t l e  o f  t h e  t h r u s t i n g  f o r c e  deve lops  
because t h e  f low cannot  remain a t t a c h e d  t o  t h e  r e l a t i v e l y  s h a r p  a i r f o i l s  o f t e n  
employed f o r  s u p e r s o n i c  f l i g h t .  
Neve r the l e s s ,  t h r u s t  c o n s i d e r a t i o n s  do p l a y  a s i g n i f i c a n t  r o l e  i n  t h e  
a n a l y s i s  o f  wings a t  s u p e r s o n i c  speeds .  For low s u p e r s o n i c  speeds  and f o r  
wings wi th  well-rounded l e a d i n g  edges  an  a p p r e c i a b l e  pe rcen tage  o f  t h e o r e t i c a l  
leading-edge t h r u s t  may be developed.  Fur thermore ,  Polhamus ( r e f .  3 )  h a s  shown 
t h a t  when t h e  t h r u s t  fa i l s  t o  develop  because o f  de tached  f low t h e  effects are 
n o t  n e c e s s a r i l y  d i s s i p a t e d .  If t h e  f low r e a t t a c h e s  t h e s e  effects  can r eappea r  
i n  an  a s s o c i a t e d  phenomena, t h e  format ion  o f  a leading-edge v o r t e x  f low.  For 
supe r son ic  as wel l  as subson ic  speeds ,  t h e  i n f l u e n c e  o f  t h i s  f low breakdown on 
wing l i f t  and d rag  may be e s t i m a t e d  by a p p l i c a t i o n  o f  t h e  Polhamus l ead ing -  
.. ........ . . ..........-...- 
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edge-suct ion a n a l o g y ,  which o p e r a t e s  v e c t o r i a l l y  on t h e  t h e o r e t i c a l  l ead ing-  
edge t h r u s t .  
Supersonic  wings w i t h  s t r a i g h t - l i n e  l e a d i n g  edges  may be t r e a t e d  a n a l y t i -  
c a l l y  by use o f  c lass ica l  l i n e a r i z e d  t h e o r y  ( r e f s .  4 ,  5 ,  and 6 ) .  However, f o r  
o t h e r  wing planforms of i n t e r e s t  (wings w i t h  cranked o r  curved l e a d i n g  edges)  
t h e o r e t i c a l  methods are n o t  a v a i l a b l e  and numer ica l  methods are r e q u i r e d .  
a method, d e s c r i b e d  i n  r e f e r e n c e  7 , ’ p r o v i d e d  t h e  groundwork f o r  development of 
a n  improved system r e p o r t e d  i n  t h i s  paper .  The pr imary advantage  o f  t h e  newer 
method l i e s  i n  e l i m i n a t i o n  o f  t h e  need f o r  user examinat ion and f a i r i n g  o f  
program-generated p r e s s u r e  d i s t r i b u t i o n s ,  which a c c o r d i n g l y  p r o v i d e s  f o r  a much 
h i g h e r  degree o f  au tomat ion .  I n  a d d i t i o n ,  t h i s  improved method does n o t  r e q u i r e  
p r e s s u r e  d a t a  beyond t h e  immediate v i c i n i t y  of  t h e  l e a d i n g  edge and t h u s  p e r m i t s  
a b e t t e r  d e f i n i t i o n  of t h r u s t  d i s t r i b u t i o n  fo r  wings w i t h  a complex l e a d i n g  
edge. 
Such 
The new method f o r  e v a l u a t i o n  of  t h e o r e t i c a l  leading-edge t h r u s t  h a s  been 
programmed as an  e x t e n s i o n  t o  a n  e x i s t i n g  high-speed d i g i t a l  computer method 
f o r  p r e d i c t i o n  of  wing l o a d i n g  d i s t r i b u t i o n s  d e s c r i b e d  i n  r e f e r e n c e  8 .  I n  addi -  
t i o n  t o  t h e  leading-edge t h r u s t  d i s t r i b u t i o n s  t h e  p r e s e n t  modif ied program pro- 
v i d e s  l i f t  and d r a g  estimates based e i t h e r  on t h e o r e t i c a l  leading-edge t h r u s t  
or  on employment of t h e  Polhamus s u c t i o n  ana logy .  An a p p l i c a t i o n  o f  e m p i r i c a l  
estimates of  t h e  p e r c e n t a g e  of  leading-edge t h r u s t  a c t u a l l y  a t t a i n a b l e  as g i v e n  
i n  r e f e r e n c e  9 may permit, more e x a c t  p r e d i c t i o n s  o f  wing aerodynamic performance. 
A d d i t i o n a l  c o n s i d e r a t i o n s  d i s c u s s e d  h e r e i n  p r o v i d e  a means o f  d e s i g n i n g  a 
wing planform t o  p r o v i d e  ( w i t h i n  l i m i t s )  a s p e c i f i e d  t h r u s t  d i s t r i b u t i o n .  T h i s  
c a p a b i l i t y  should be u s e f u l  i n  a t t e m p t s  t o  a v o i d  leading-edge s e p a r a t i o n  and 
o b t a i n  as much o f  t h e  t h e o r e t i c a l  leading-edge t h r u s t  as is  p r a c t i c a l l y  p o s s i b l e .  
SYMBOLS 
b 
C a  
CD 
A C ~  , A 
ACD , T 
CL 




average  wing chord ,  - 
b 
wing d r a g  coe f f i c  i e n  t 
d r a g - c o e f f i c i e n t  increment  due t o  a s e p a r a t e d  leading-edge v o r t e x  
a c c o r d i n g  t o  Polhamus analogy (see eq. (IO)) 
d r a g - c o e f f i c i e n t  increment due t o  t h e o r e t i c a l  leading-edge t h r u s t  
(see eq .  ( 8 ) )  
wing l i f t  c o e f f i c i e n t  
l i f t - c o e f f i c i e n t  increment  due t o  a s e p a r a t e d  leading-edge v o r t e x  
a c c o r d i n g  t o  Polhamus ana logy  ( s e e  eq.  (11))  
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*CL ,T l i f t - c o e f f i c i e n t  increment  due t o  t h e o r e t i c a l  leading-edge t h r u s t  
( s e e  eq.  ( 9 ) )  
CN wing normal-force c o e f f i c i e n t  
li f t i n g  p r e s  s u r e  coe f f i c i e n  t 
l i f t i n g  p r e s s u r e  c o e f f i c i e n t  de f ined  by numer ica l  program 
l i f t i n g  p r e s s u r e  c o e f f i c i e n t  de f ined  by l i n e a r i z e d  t h e o r y  
ACP 
*CP , P 
ACp,Th 
ACp\lx' leading-edge s i n g u l a r i t y  parameter  
l i m i t i n g  v a l u e  of leading-edge s i n g u l a r i t y  parameter  a t  
x '  = 0 
t 
C t  s e c t i o n  t h r u s t  c o e f f i c i e n t ,  - 
qca 
CT wing t h r u s t  c o e f f i c i e n t ,  sff" C t  dy b 
E(k)  e l l i p t i c  i n t e g r a l  o f  second k ind  wi th  modulus k 
e exponent used i n  d e f i n i t i o n  o f  e m p i r i c a l  f u n c t i o n ,  F(x&) 
F(xA) e m p i r i c a l  f u n c t i o n  p rov id ing  f o r  c o r r e c t i o n  o f  numer ica l  method 
p r e s s u r e  c o e f f i c i e n t  l o c a t i o n .  See e q u a t i o n s  (14)  t o  (16 )  i n  
appendix and s e c t i o n  e n t i t l e d  "Numerical Method Development.11 
k modulus o f  e l l i p t i c  i n t e g r a l ,  \11 - B2 c o t 2  A 
k0 modulus of  e l l i p t i c  i n t e g r a l  f o r  A = A o ,  d1 - B2 c o t 2  A, 
k l ,k2 ,k3 ,k4  c o n s t a n t s  used i n  s i n g u l a r i t y - p a r a m e t e r  curve  f i t  or  i n  d e f i n i -  
t i o n  o f  e m p i r i c a l  f u n c t i o n  F(x&) 
M Mach number 
n i n t e g e r s  d e s i g n a t i n g  terms i n  summations 
q dynamic p r e s s u r e  
S wing area 
t s e c t i o n  leading-edge t h r u s t  
V free-stream v e l o c i t y  
3 
I 
X , Y , Z  C a r t e s i a n  c o o r d i n a t e s  wi th  o r i g i n  a t  w i n g  apex,  x measured a l o n g  
wing r o o t  chord 
d i s t a n c e  behind l e a d i n g  edge a t  which l i f t i n g  p r e s s u r e  is assumed 
t o  act ,  i n  program u n i t s  (see ref .  8 )  
d i s t a n c e  behind l e a d i n g  edge of midpoint  of a program element  
( s e e  ref .  8 )  
wing span p o s i t i o n  f o r  i n i t i a t i o n  o f  c o n s t a n t  t h r u s t  des ign  
a n g l e  o f  a t t a c k ,  degrees  
=\1M2 - 1 
a n g l e  a t  a cambered-wing l e a d i n g  edge between a t a n g e n t  t o  s u r f a c e  and 
dz 
angle-of -a t tack  r e f e r e n c e  p l a n e ,  tan- '  - 
dx 
leading-edge sweep a n g l e  
leading-edge sweep a n g l e  a t  yo 
a i r  d e n s i t y  
THEORETICAL CONSIDERATIONS 
The magnitude o f  t h e  leading-edge t h r u s t  developed by a t h i n  l i f t i n g  wing 
is  dependent on t h e  upwash j u s t  ahead of t h e  l e a d i n g  edge and on t h e  a i r f o i l  
camber s u r f a c e  j u s t  behind t h e  l e a d i n g  edge. The i n f l u e n c e  o f  both o f  t h e s e  
f a c t o r s  is  r e f l e c t e d  i n  t h e  p r e s s u r e  d i s t r i b u t i o n  i n  v i c i n i t y  o f  t h e  l e a d i n g  
edge. For a l i f t i n g  wing wi th  s u b s o n i c  l e a d i n g  edges sweep a n g l e  
greater than  tan- l  d M 2  - 1 )  t h e  upwash g i v e n  by l i n e a r i z e d  t h e o r y  is i n f i n i t e  
a t  t h e  l e a d i n g  edge ,  and t h e  p r e s s u r e  a t  t h e  l e a d i n g  edge is  a l s o  i n f i n i t e  
u n l e s s  t h e  wing h a s  a camber s u r f a c e  des igned  s p e c i f i c a l l y  t o  avoid  such a s i n -  
g u l a r i t y .  I n  s p i t e  o f  t h e s e  s i n g u l a r i t i e s ,  t h e r e  is a measure of  t h e  i n f l u e n c e  
o f  upwash and camber effects  on t h e  leading-edge t h r u s t ;  it is given  b t h e  
l i m i t i n g  v a l u e  a t  t h e  l e a d i n g  edge o f  t h e  s i n g u l a r i t y  parameter  A C p d .  Hayes 
i n  r e f e r e n c e  4 g i v e s  an  e x p r e s s i o n  for leading-edge t h r u s t  p e r  u n i t  d i s t a n c e  i n  
t h e  spanwise d i r e c t i o n  which, when t ransformed t o  t h e  symbols o f  t h i s  r e p o r t ,  
is  
4 
A s e c t i o n  t h r u s t  c o e f f i c i e n t  w i l l  be de f ined  as 
where t h e  average  wing chord ca r a t h e r  t han  t h e  l o c a l  chord was chosen as a 
reference i n  o r d e r  t o  p r e s e r v e  t h e  l i n e a r  n a t u r e  o f  t h e  t h r u s t  d i s t r i b u t i o n  f o r  
d e l t a  wings.  
The c e n t r a l  problem is t h e  e v a l u a t i o n  o f  t h e  l i m i t i n g  va lue  o f  t h e  s ingu-  
l a r i t y  parameter  ( A C p F ) o .  
edges and f o r  cambered wings o f  any planform numer ica l  methods must be employed. 
The methods employed i n  t h i s  paper  are d i scussed  a t  some l e n g t h  i n  t h e  s e c t i o n  
e n t i t l e d  "Numerical Method Development." For a c e r t a i n  class of  wings,  f l a t  
wings wi th  s t r a i g h t  l e a d i n g  edges ,  a n a l y t i c  s o l u t i o n s  are a v a i l a b l e .  These 
s o l u t i o n s  are a l s o  v a l u a b l e  i n  checking t h e  v a l i d i t y  o f  numer ica l  methods,  and 
i n  t h i s  paper  w i l l  be used f o r  t h a t  purpose.  
For f l a t  wings wi th  cranked o r  curved l e a d i n g  
Through use o f  r e l a t i o n s h i p s  g iven  i n  reference 6 ,  t h e  l i m i t i n g  v a l u e  o f  
t h e  s i n g u l a r i t y  parameter  f o r  a f l a t  d e l t a  wing a t  a small a n g l e  o f  a t t a c k  may 
be expressed  as 
where 
k = \I1 - B 2  c o t 2  A 
The s e c t i o n  leading-edge t h r u s t  c o e f f i c i e n t  f o r  a f l a t  d e l t a  wing is t h e n  
b 
S [EE(k)] 
\11 - B 2  c o t 2  A 
C t  = TT s i n *  c1 - y (4) 
and t h e  t o t a l  t h r u s t  c o e f f i c i e n t  f o r  t h e  wing becomes 
b2 J1 - B 2  c o t 2  A 1 - $2 c o t 2  A 
CT rb'2 C t  dy IT s i n 2  c1 - = IT s i n 2  c1 c o t  I\ 
"0 [E(k) I2  [E(k)] 
( 5 )  
The l i f t i n g  f o r c e  a c t i n g  normal t o  t h e  wing s u r f a c e  may be expres sed  i n  c o e f f i -  
c i e n t  form as 
5 
I 
and t h u s  t h e  t h r u s t  f o r c e  may be r e l a t e d  t o  t h e  normal f o r c e  by 
CT 
CN 2 E(k) 
s i n  01 \/1 - 8 2  c o t 2  A 
- 2 -  
I n  f i g u r e  1 ,  t h e  t h e o r e t i c a l  r e l a t i o n s h i p s  have been used t o  i l l u s t r a t e  
t h e  r e l a t i v e  importance o f  t h e  leading-edge t h r u s t  f o r  de l t a  wings o f  s e v e r a l  
sweep a n g l e s  o p e r a t i n g  over  a speed range up t o  M = 2.5.  Data f o r  t h e  s u b s o n i c  
p o r t i o n  o f  t h e  speed range were o b t a i n e d  from r e f e r e n c e  10. The component o f  
t h e  t h r u s t  opposing t h e  d r a g ,  CT c o s  O 1 ,  is  g iven  as a f r a c t i o n  o f  drag compo- 
n e n t  o f  t h e  normal f o r c e ,  CN s i n  O1. A t  v e r y  low s p e e d s ,  as would be expec ted ,  
t h e  f r a c t i o n  approaches 1 as t h e  sweep a n g l e  d e c r e a s e s  and t h e  a s p e c t  r a t i o  
i n c r e a s e s .  It is i n t e r e s t i n g  t o  n o t e  t h a t  a t  M = 1.0 ,  t h e  t h e o r y  i n d i c a t e s  
t h a t  t h e  v a l u e  of t h e  component of  t h r u s t  opposing d r a g  is one-half t h e  v a l u e  o f  
t h e  d r a g  component of t h e  normal f o r c e  f o r  a l l  leading-edge sweep a n g l e s .  With 
i n c r e a s i n g  s u p e r s o n i c  Mach numbers, t h e r e  i s  a s t e a d y  r e d u c t i o n  i n  t h e  t h e o r e t i -  
cal  t h r u s t  u n t i l  t h e  l e a d i n g  edge becomes s u p e r s o n i c ,  a t  which p o i n t  t h e  t h r u s t  
becomes and remains z e r o .  Below a Mach number o f  1 t h e  lower sweep a n g l e s  pro- 
v i d e  t h e  h i g h e s t  t h r u s t ,  b u t  a t  s u p e r s o n i c  speeds  t h e  more h i g h l l  swept wings 
provide  t h e  greater r e l a t i v e  t h r u s t  l e v e l s .  The s e c t i o n  leading-edge t h r u s t  
c o e f f i c i e n t  o f  a d e l t a  wing d e f i n e d  by e q u a t i o n  ( 4 )  may a l s o  be used i n  a " l o c a l  
sweep approximation" a p p l i c a b l e  t o  f l a t  wings o f  a r b i t r a r y  planform which do n o t  
d e p a r t  d r a s t i c a l l y  from a s t r a i g h t - l i n e  l e a d i n g  edge.  For t h i s  purpose ,  A is  
t h e  l o c a l  sweep a n g l e  and S and b refer t o  t h e  a r b i t r a r y - p l a n f o r m  wing. 
Sketch ( a )  i l l u s t r a t e s  t h e  a p p l i c a t i o n  o f  t h e  l o c a l  sweep approximation t o  a 
Sketch ( a )  
wing of  llogeell planform. A s  w i l l  be d i s c u s s e d  l a t e r ,  t h i s  approximation h a s  
been used t o  h e l p  v e r i f y  program resul ts  f o r  wings of a r b i t r a r y  planform. The 
approximation may a l s o  be u s e f u l  i n  t h e  d e s i g n  o f  wing l e a d i n g  edges t o  produce 
a g iven  leading-edge t h r u s t .  T h i s  c a p a b i l i t y  could  be u s e f u l  i n  a t t e m p t s  t o  
avoid  leading-edge s e p a r a t i o n  and o b t a i n  as much o f  t h e  t h e o r e t i c a l  leading-edge 
t h r u s t  acting i n  t h e  chord p lane  o f  t h e  wing as is  p r a c t i c a l l y  p o s s i b l e .  S i n c e ,  
i n  g e n e r a l ,  t h e  t h r u s t  is small f o r  inboard span p o s i t i o n s ,  t h e  des ign  p r o c e s s  
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w i l l  be used o n l y  outboard  o f  some s e l e c t e d  span  p o s i t i o n  
determined t o  have an  a c c e p t a b l e  t h r u s t . l e v e 1  (upwash magnitude) f o r  t h e  r e t e n -  
t i o n  of a t t a c h e d  f low.  The local-sweep approximat ion  form o f  equa t ion  ( 4 )  may 
be used t o  d e f i n e  a sweep a n g l e  A a t  a span p o s i t i o n  y outboard o f  yo 
which w i l l  keep t h e  t h r u s t  c o n s t a n t .  The expres s ion  used is 
yo which h a s  been 
k yo ko 
where k = \/I - B2 c o t 2  A and ko = d l  - B2 c o t 2  A, i n  which A0 is  t h e  sweep 
a n g l e  a t  yo. The r e q u i r e d  v a l u e  o f  I\ must  be found by i t e r a t i o n .  When new 
A-values have been found f o r  a series o f  span s t a t i o n s  from 
t i p ,  t h e  l e a d i n g  edge may be de f ined  by a numer ica l  i n t e g r a t i o n  o f  
yo t o  t h e  wing 
x = Ly t a n  h dy ( 7 )  
I n  examples o f  leading-edge planform des ign  g iven  i n  t h i s  pape r ,  t h e  i t e r a t i o n s  
were performed by a programmable handheld c a l c u l a t o r .  The fo l lowing  approxima- 
t i o n  f o r  t h e  e l l i p t i c  i n t e g r a l  was found t o  be u s e f u l  f o r  t h a t  purpose:  
where 
Th i s  expres s ion  is a c c u r a t e  w i t h i n  about  0.02 p e r c e n t  over  t h e  f u l l  B c o t  A 
range  o f  0 t o  1 .  
For wings o f  a r b i t r a r y  planform and s u r f a c e  shape ,  t h e  s e c t i o n  t h r u s t  coef -  
f i c i e n t  de f ined  by e q u a t i o n  (2)  (wi th  a numer i ca l ly  determined va lue  o f  s ingu-  
l a r i t y  parameter )  may be used t o  estimate t h e  i n f l u e n c e  o f  t h r u s t  on wing l i f t  
and d rag .  For t h e o r e t i c a l  leading-edge t h r u s t  t h e  inc remen ta l  l i f t  and drag 
c o e f f i c i e n t s  due t o  t h r u s t  a t  a g iven  a n g l e  of a t t a c k  may be expressed  as 
I l 1 1 l 1 l  I I I I I I  I 1  
For t h e  Polhamus leading-edge-suct ion ana logy  t h e s e  increments  may be approxi -  
mated as 
The t h r u s t  v e c t o r  and its r e l a t i o n s h i p  t o  t h e  wing l e a d i n g  edge is i l l u s t r a t e d  
i n  s k e t c h  ( b ) .  A s  can be s e e n ,  t h e  e x p r e s s i o n s  f o r  l i f t  and d r a g  increments  
Sketch ( b )  
based on t h e  Polhamus ana logy  are a p p l i c a b l e  o n l y  for small a n g l e s  of a t t a c k  
and f o r  small camber s u r f a c e  s l o p e s .  The s e c t i o n  s u c t i o n  f o r c e  v e c t o r ,  approxi -  
mated as 
a t  t h e  l e a d i n g  edge. For r e a t t a c h e d  leading-edge v o r t e x  f low,  t h e  v o r t e x  c e n t e r  
would a c t u a l l y  depend on t h e  a n g l e  o f  a t t a c k  and i n  g e n e r a l  would be downstream 
o f  t h e  l e a d i n g  edge. T h i s  downstream l o c a t i o n  is where t h e  s u c t i o n  f o r c e  v e c t o r  
should  be a p p l i e d  i f  such a p o s i t i o n  could be e s t a b l i s h e d .  N e v e r t h e l e s s ,  f o r  
m i l d l y  cambered wings a t  small a n g l e s  o f  a t t a c k ,  t h e  a n a l y s i s  used h e r e  should  
provide  r e a s o n a b l e  estimates o f  t h e  effects o f  s e p a r a t e d  leading-edge v o r t e x  
flow on wing l i f t  and d r a g .  
Ct /cos  A ,  is assumed t o  be r o t a t e d  t o  act  normal t o  t h e  wing s u r f a c e  
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NUMERICAL METHOD DEVELOPMENT 
The first requi rement  i n  t h e  development o f  a numer ica l  method f o r  estima- 
t i o n  o f  t h e o r e t i c a l  leading-edge t h r u s t  f o r  wings o f  a r b i t r a r y  planform is  a 
s u f f i c i e n t l y  a c c u r a t e  d e f i n i t i o n  o f  l i f t i n g  p r e s s u r e s  i n  t h e  v i c i n i t y  o f  t h e  
wing l e a d i n g  edge.  These p r e s s u r e s  are then  used i n  de t e rmina t ion  o f  t h e  l i m i t -  
i n g  va lue  of t h e  s i n g u l a r i t y  parameter  ( A C p p )  . A computer program desc r ibed  
i n  r e f e r e n c e  8 p rov ides  t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n s  f o r  bo th  f l a t  and 
cambered wings o f  a r b i t r a r y  planform.1 I n  g e n e r a l ,  t h e  program p rov ides  a rea- 
sonab le  d e s c r i p t i o n  o f  t h e  wing o v e r a l l  p r e s s u r e  d i s t r i b u t i o n s  and o f  i n t e g r a t e d  
f o r c e s  and moments. A p a r t i c u l a r  shortcoming o f  t h e  program, however, has  been 
a tendency toward o s c i l l a t i o n  o f  p r e s s u r e  v a l u e s  which u n f o r t u n a t e l y  is  accentu-  
a t e d  nea r  t h e  l e a d i n g  edge.  I n  view o f  t h e  t h e o r e t i c a l  s i n g u l a r i t y  i n  p r e s s u r e  
a t  t h e  l e a d i n g  edge ,  t h i s  is  l i k e l y  t o  be a c h a r a c t e r i s t i c  o f  any numer ica l  
method based on l i n e a r i z e d  theo ry .  I n  t h i s  s e c t i o n ,  means o f  employing t h e  
t h e o r e t i c a l  p r e s s u r e  d i s t r i b u t i o n s  gene ra t ed  by t h e  computer program o f  refer- 
ence 8 t o  o b t a i n  lead ing-edge- thrus t  estimates o f  r e a s o n a b l e  accuracy  are 
exp lo red .  F i r s t ,  a s t u d y  o f  f l a t -wing  c h a r a c t e r i s t i c s  is made, and then  a t t e n -  
t i o n  is g iven  t o  t h e  more g e n e r a l  cambered-wing case. 
F l a t  Wings 
For  f l a t  wings wi th  s t r a i g h t - l i n e  l e a d i n g  edges t h e  t h e o r e t i c a l  l i f t i n g  
p r e s s u r e  nea r  t h e  l e a d i n g  edge may be approximated by t h e  f u n c t i o n  
i n  which t h e  first term is dominant.  A r e p r e s e n t a t i v e  d i s t r i b u t i o n  o f  l i f t i n g  






'An e r r o r  i n  t h e  program d e s c r i p t i o n  
t h e . c o u r s e  o f  t h i s  s t u d y ,  is c o r r e c t e d  i n  
g iven  i n  r e f e r e n c e  8 ,  uncovered i n  
t h e  appendix.  
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f l a t  wings wi th  cranked o r  curved l e a d i n g  edges, t h i s  approximation (wi th  d i f f e r -  
e n t  c o n s t a n t s  o f  c o u r s e )  would s t i l l  be a p p r o p r i a t e .  The cor responding  f u n c t i o n  
f o r  t h e  s i n g u l a r i t y  parameter  is 
which would appear  as shown i n  s k e t c h  ( d ) .  Again t h e  dominance of t h e  first 
term is a p p a r e n t .  The second term, however, is  v a l u a b l e  i n  d e t e r m i n a t i o n  of 
t h e  l i m i t i n g  v a l u e  o f  t h e  s i n g u l a r i t y  parameter  i f  v a l u e s  o f  
c i a b l e  d i s t a n c e  from t h e  l e a d i n g  edge must be employed. With t h e  form o f  t h e  
d a t a  e s t a b l i s h e d ,  a l e a s t - s q u a r e s  curve  f i t  may be a p p l i e d  t o  program-generated 
data ( A C p F  
x '  a t  an  appre-  





Sketch ( d )  
v a l u e  o f  t h e  s i n g u l a r i t y  parameter  a t  a g i v e n  span s t a t i o n .  
approximation chosen 
For t h e  l o a d i n g  
An example o f  t h e  a p p l i c a t i o n  o f  t h e  s imple  c u r v e - f i t  f u n c t i o n  t o  p r e s s u r e  
d a t a  g e n e r a t e d  by t h e  program of  r e f e r e n c e  8 is given  i n  f i g u r e  2. 
d e s c r i p t i o n  o f  t h e  program given  i n  r e f e r e n c e  8 ,  t h e  l i f t i n g  p r e s s u r e  f o r  a 
g iven  element  is  assumed t o  act  a t  t h e  element  midpoint  
t h e  first t h r e e  e lements  d i r e c t l y  behind t h e  l e a d i n g  edge a t  t h e  mid-semispan 
l o c a t i o n  and a t  t h e  span s t a t i o n s  immediately inboard  and outboard .  
d a t a  p o i n t s  occupy less t h a n  8 p e r c e n t  o f  t h e  local chord.  I n  t h e  ACp p l o t ,  
t h e  program-generated p r e s s u r e s  are s e e n  t o  provide  what can be regarded  as a 
r e a s o n a b l e  agreement w i t h  t h e  l i n e a r i z e d  t h e o r y .  However, t h e r e  are d i s c r e p -  
a n c i e s ;  and ,  as can be b e t t e r  s e e n  i n  t h e  s i n g u l a r i t y - p a r a m e t e r  p l o t ,  t h e  
program d a t a  range from about  25 p e r c e n t  above t o  about  20 p e r c e n t  below t h e  
As i n  t h e  
x&. The data cover  
These n i n e  
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t h e o r e t i c a l  v a l u e s .  The l e a s t - s q u a r e s  curve  f i t  o f  t h e  s i n g u l a r i t y - p a r a m e t e r  
f u n c t i o n  
parameter  about  8 p e r c e n t  t o o  h igh  which, s i n c e  ( A C p P ) o  
la tes  t o  a 16-percent e r r o r  i n  t h e  l o c a l  leading-edge t h r u s t .  Cons iderably  
larger e r r o r s  occurred  a t  o t h e r  s t a t i o n s ,  and t h u s  t h e  s imple  approach i l l u s -  
t r a t e d  h e r e  was abandoned. 
ACp@ = k l  + k2x' t o  t h e  program d a t a  g ives  a l i m i t i n g  va lue  o f  t h e  
is squa red ,  t r a n s -  
The n a t u r e  o f  t h e  program e r r o r s  d e p i c t e d  i n  f i g u r e  2 l e d  t o  a f u r t h e r  
r a t h e r  comprehensive s t u d y  o f  t h e s e  e r r o r s .  Although e r r o r s  i n  t h e  v i c i n i t y  
o f  t h e  l e a d i n g  edge were found t o  be q u i t e  large,  they  were found t o  d i s p l a y  
a remarkably organized  c h a r a c t e r .  A s  d i scussed  i n  t h e  appendix ,  i t  was found 
t h a t  t h e  e r r o r s  were dependent on o n l y  two q u a n t i t i e s ,  t h e  d i s t a n c e  behind l ead -  
i n g  edge x '  and t h e  leading-edge sweep c o n d i t i o n ,  B c o t  A .  A f u n c t i o n  F(xA) 
d e s c r i b i n g  t h e  e r r o r s  is  p resen ted  i n  t h e  appendix.  An i l l u s t r a t i o n  o f  t h e  sys-  
tematic n a t u r e  o f  t h e  e r r o r s  f o r  t h e  Mach number and sweep a n g l e  o f  t h e  example 
o f  f i g u r e  2 i s  g iven  i n  f i g u r e  3. The d a t a  shown h e r e  cover  t h e  first t h r e e  
e lements  behind t h e  l e a d i n g  edge f o r  wing span s t a t i o n s  from 0.075b/2 ( i n  i n c r e -  
ments o f  0.025b/2) t o  p o i n t s  nea r  t h e  wing t i p  where program d a t a  were 
i n v a l i d a t e d  by t h e  p rox imi ty  o f  t h e  t r a i l i n g  edge and t h e  t i p  Mach cone.  The 
d a t a  p o i n t s  d i s p l a y i n g  t h e  largest  d e p a r t u r e s  from t h e  g e n e r a l  t r e n d  are f o r  
t h e  more inboard  s t a t i o n s .  The organized  behavior  o f  t h e  e r r o r s  appea r s  t o  
improve as t h e  span s t a t i o n  i n c r e a s e s  and t h e  number o f  e lements  involved  i n  
t h e  program s o l u t i o n  i n c r e a s e s .  The e m p i r i c a l  f u n c t i o n  F(x&) a p p l i c a b l e  
t o  t h i s  example is a l s o  shown. Small  d e v i a t i o n s  between t h i s  f u n c t i o n  and t h e  
t r e n d  l i n e  o f  t h e  data  occur  because o f  compromises i n  f i t t i n g  o f  t h e  f u n c t i o n  
t o  t h e  f u l l  range o f  c o t  v a l u e s .  The organized  and p r e d i c t a b l e  n a t u r e  o f  
t h e  program A C  e r r o r s  a l l o w s  t h e  i n t r o d u c t i o n  o f  a c o r r e c t i o n  based on t h e  
l o c a l  sweep angye A 
l e a d i n g  edge xA. The c o r r e c t i o n  is a p p l i e d  t o  t h e  l o c a t i o n  o f  t h e  l i f t i n g  
p r e s s u r e  c o e f f i c i e n t  r a t h e r  t han  t o  t h e  p r e s s u r e  i t s e l f .  The cho ice  o f  t h e  ele- 
ment midpoint  f o r  t h e  p r e s s u r e  l o c a t i o n  i s  a f te r  a l l  on ly  an  assumpt ion .  Fur- 
thermore ,  such a s h i f t  i n  l o c a t i o n  on ly  w i l l  have l i t t l e  i n f l u e n c e  on t h e  l i f t -  
i n g  p r e s s u r e  d i s t r i b u t i o n  f o r  cambered wings a t  o r  nea r  des ign  c o n d i t i o n  (a  
t o p i c  t o  be d i s c u s s e d  l a t e r ) .  By us ing  t h e  assumption t h a t  A C p  v a r i e s  
i n v e r s e l y  wi th  t h e  s q u a r e  r o o t  o f  t h e  d i s t a n c e  behind t h e  l e a d i n g  edge ,  a cor -  
r e c t e d  l i f t i n g - p r e s s u r e  l o c a t i o n  is  found as fo l lows :  The c o r r e c t e d  p r e s s u r e  
a t  x& is  ACp/F(xA) so t h a t  
A C p  
and on t h e  d i s t a n c e  o f  t h e  element  midpoint  behind t h e  
and 
or  
X '  = XA + AX'  
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An i l l u s t r a t i o n  o f  t h e  use o f  t h e  e m p i r i c a l  f u n c t i o n  F(x&) i n  o b t a i n i n g  
a c o r r e c t e d  p r e s s u r e  l o c a t i o n  is g iven  i n  f i g u r e  4. A s  would be expec ted ,  the  
c o r r e l a t i o n  o f  t h e  a d j u s t e d  program data w i t h  t h e  t h e o r y  is much improved. 
The s i g n i f i c a n t  p o i n t ,  however, is  n o t  t h a t  i n  t h i s  one p a r t i c u l a r  i n s t a n c e  
an  improved numer ica l  r e s u l t  was o b t a i n e d ,  b u t  t h a t  such  r e s u l t s  are r e p r e s e n t a -  
t i v e  o f  t h o s e  ob ta ined  ove r  a large range  o f  Mach number/leading-edge-sweep 
c o n d i t i o n s .  Although t h e  e m p i r i c a l  f u n c t i o n ,  and t h e  c o r r e c t i o n  i t  a f f o r d s ,  is  
based on wings w i t h  s t r a i g h t - l i n e  l e a d i n g  edges, it is be l i eved  t o  be a p p l i c a b l e  
t o  wings w i t h  cranked o r  curved l e a d i n g  edges  a l s o .  I n  t h e  immediate v i c i n i t y  
o f  a c r a n k ,  t h e  p r e s s u r e  d i s t r i b u t i o n  may n o t  be t y p i c a l  o f  t h a t  f o r  s t ra ight -  
l i n e  l e a d i n g  edges; bu t  such  f low p a t t e r n s  shou ld  be e s t a b l i s h e d  t o  a n  i n c r e a s -  
i n g  degree as the  d i s t a n c e  from t h e  c rank  i n c r e a s e s ,  and more r e a d i l y  f o r  small 
c ranks  than  f o r  large ones .  A curved l e a d i n g  edge is  t reated as a s u c c e s s i o n  
o f  c ranks  which must n e c e s s a r i l y  be small, and t h e  c o r r e c t i o n  should  be  a p p l i -  
cable here too .  
The behavior  o f  t h e  leading-edge s i n g u l a r i t y  parameter  ACPG f o r  t h e  
a d j u s t e d  p r e s s u r e  data i s  i l l u s t r a t e d  i n  f i g u r e  5.  Now a l e a s t - s q u a r e s  curve  
f i t  o f  t h e  f u n c t i o n  
w i t h i n  abou t  1 p e r c e n t  o f  the  t h e o r e t i c a l  v a l u e .  A f u r t h e r  i l l u s t r a t i o n  o f  t he  
improvement a f f o r d e d  by t h e  empirical p r e s s u r e - l o c a t i o n  ad jus tment  is g iven  by 
t h e  spanwise t h r u s t  d i s t r i b u t i o n  o f  f i g u r e  6 .  Program s e c t i o n  t h r u s t  c o e f f i -  
c i e n t s  are found by i n s e r t i n g  l i m i t i n g  s i n g u l a r i t y - p a r a m e t e r  v a l u e s  d e f i n e d  by 
equa t ion  (12)  i n t o  the  e x p r e s s i o n  f o r  s e c t i o n  t h r u s t  c o e f f i c i e n t ,  equa t ion  ( 2 ) .  
Program r e s u l t s  f o r  which x '  was de f ined  by t h e  empirical f u n c t i o n  fo l low 
very  c l o s e l y  t h e  l i n e a r i z e d - t h e o r y  d i s t r i b u t i o n  l i n e ,  whereas program r e s u l t s  
ob ta ined  wi thou t  t h e  ad jus tment  d i s p l a y  a ve ry  e r r a t i c  behavior .  
ACp\l;;i = k l  + k2x' y i e l d s  a l i m i t i n g  s i n g u l a r i t y  parameter 
The e m p i r i c a l  f u n c t i o n  F(x&) used t o  p rov ide  a d j u s t e d  p res su re -  
c o e f f i c i e n t  l o c a t i o n s  was de f ined  as o u t l i n e d  i n  t h e  appendix from program 
p r e s s u r e  d a t a  f o r  a large range o f  B c o t  A v a l u e s ,  18 i n  a l l .  Program t h r u s t  
c o e f f i c i e n t s  f o r  t h a t  series o f  6 c o t  I\ v a l u e s  would t h u s  be expec ted  t o  cor-  
relate well w i t h  t h e  t h r u s t  g iven  by l i n e a r i z e d  theo ry .  I n  o r d e r  t o  t es t  t h e  
g e n e r a l  a p p l i c a b i l i t y  o f  t h e  numer ica l  method, c o r r e l a t i o n s  o f  program and theo-  
re t ica l  t h r u s t  d i s t r i b u t i o n s  have been made f o r  de l ta  wings w i t h  o t h e r  6 c o t  
v a l u e s .  A sample is g iven  i n  f i g u r e  7 .  Only f o r  small v a l u e s  o f  B cot A is 
any d i f f i c u l t y  encountered .  For  these small v a l u e s ,  t h e  e n t i r e  l e a d i n g  edge is 
rep resen ted  by a small number of e lements  (12 f o r  
T o t a l  t h r u s t  c o e f f i c i e n t s  f o r  a series o f  f l a t  del ta  wings cover ing  a large 
range o f  B c o t  A v a l u e s  are g iven  i n  f i g u r e  8 .  None o f  t he  6 c o t  A v a l u e s  
shown h e r e  co r re sponds  t o  t h o s e  used i n  g e n e r a t i o n  o f  the  e m p i r i c a l  f u n c t i o n  
F(x&) .  
a c c e p t a b l e  ove r  t h e  f u l l  6 c o t  A range .  
B c o t  A = 0.13, f o r  example) .  
The numerical-method/linearized-theory c o r r e l a t i o n  appea r s  t o  be 
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Cambered Wings 
For cambered wings,  wings wi th  any d e p a r t u r e s  from a p e r f e c t l y  f l a t  l i f t i n g  
s u r f a c e ,  t h e  numer ica l  method j u s t  desc r ibed  is  no t  comple te ly  adequa te .  It is  
t h e  u s u a l  p r a c t i c e  i n  t h e  des ign  o f  cambered wing s u r f a c e s  fo r  s u p e r s o n i c  speeds  
(ref. 8 ,  for i n s t a n c e )  t o  d e f i n e  a camber s u r f a c e  which w i l l  produce t h e  d e s i r e d  
l i f t  w i th  p r e s s u r e  l o a d i n g s  having no Leading-edge s i n g u l a r i t y .  A t  t h e  des ign  
l i f t  c o e f f i c i e n t ,  t y p i c a l  l i f t i n g  p r e s s u r e  d i s t r i b u t i o n s  nea r  t h e  l e a d i n g  edge 
may be approximated by a two-term f u n c t i o n  
ACp = k3 + k4x' 
as i l l u s t r a t e d  i n  s k e t c h  ( e ) .  Even f o r  camber surfaces which are  n o t  designed 
i n  such a f a s h i o n ,  t h e r e  is l i k e l y  t o  be some a n g l e  o f  a t t a c k  a t  which l o a d i n g s  
nea r  t h e  l e a d i n g  edge a t  a g iven  span  s t a t i o n  d i s p l a y  t h i s  behav io r .  A s  shown 
i n  s k e t c h  ( f ) ,  t h e  l i m i t i n g  va lue  o f  t h e  leading-edge s i n g u l a r i t y  parameter  f o r  





Sketch  ( e >  
I 
X' 
Sketch  ( f )  
+ kq X ' f l  
A t  any g iven  span  s t a t i o n ,  t h e r e  is  on ly  one wing a n g l e  of a t t a c k  t h a t  can 
produce a load ing  wi thou t  s i n g u l a r i t i e s ,  and t h a t  a n g l e  o f  a t t a c k  may be d i f f e r -  
e n t  f o r  eve ry  span s t a t i o n .  For any o t h e r  angle o f  a t t a c k ,  t h e  l o a d i n g s  w i l l  be 
composed o f  camber-design-point and f l a b p l a t e  c o n t r i b u t i o n s ,  and t h u s  s i n g u l a r i -  
t i e s  and leading-edge t h r u s t  w i l l  r eappea r .  Using t h e  two terms o f  both  t h e  
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cambered and f l a t - p l a t e  l o a d i n g s  t h e  s i n g u l a r i t y  parameter  f u n c t i o n  can be 
expressed  as 
ACP@ = k l  + k 2 ~ '  + k 3 p  + k 4 x ' f i  
A s  w i l l  be shown s u b s e q u e n t l y ,  t h i s  four- term f u n c t i o n  when employed i n  a least-  
s q u a r e s  f i t  of  t h e  program data leads t o  s e v e r e  numer ica l  i n s t a b i l i t i e s .  Thus, 
as a compromise, o n l y  t h e  first term of  t h e  f la t -wing  l o a d i n g  and t h e  first 
term o f  the  cambered-wing l o a d i n g  was r e t a i n e d ,  and t h e  s i n g u l a r i t y  parameter  
f o r  a cambered wing was expressed  as 
ACp@ = k l  + k 3 p  
The leading-edge s i n g u l a r i t y  parameter  f u n c t i o n s  f o r  t h e  cambered wing are 
i l l u s t r a t e d  i n  s k e t c h  (g ) .  For t h e  l o a d i n g  approximation chosen,  t h e  l i m i t i n g  




Sketch  (g)  
v a l u e  of t h e  s i n g u l a r i t y  parameter  d e f i n e d  by a l e a s t - s q u a r e s  curve  fit  is 
\ -  " 
An example o f  t h e  a p p l i c a t i o n  of t h e  cambered-wing c u r v e - f i t  f u n c t i o n s  
t o  p r e s s u r e  data g e n e r a t e d  by t h e  program of  r e f e r e n c e  8 f o r  a t h r e e - l o a d i n g  
cambered wing des igned  by a program method a l s o  descr ibed i n  r e f e r e n c e  8 is 
given  i n  f i g u r e  9 .  The camber s u r f a c e  was des igned  t o  produce a l i f t  c o e f f i -  
c i e n t  of  0.125 a t  M = 2 f o r  a r e f e r e n c e  a n g l e  o f  a t t a c k  of  O o .  Both t h e  
p r e s s u r e - c o e f f i c i e n t  and t h e  s i n g u l a r i t y - p a r a m e t e r  p l o t s  seem t o  i n d i c a t e  a 
small amount of  f l a t - p l a t e  l o a d i n g  a t  t h e  d e s i g n  c o n d i t i o n .  T h i s  is  p o s s i b l e  
inasmuch as t h e  camber s u r f a c e  is  a l s o  designed by a numerical  p r o c e s s  which 
cannot  be assumed t o  be e x a c t .  The two-term cambered-wing curve  y i e l d s  a rea- 
sonable  va lue  f o r  t h e  l i m i t i n g  v a l u e  of t h e  s i n g u l a r i t y  parameter ,  b u t  t h e  four -  
term curve  does n o t .  
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A f u r t h e r  examinat ion o f  t h e  program t h r u s t  r e s u l t s  f o r  a cambered wing a t  
des ign  c o n d i t i o n s  is a f f o r d e d  i n  t h e  t h r u s t  d i s t r i b u t i o n  shown i n  f i g u r e  10. 
R e s u l t s  f o r  t h e  four-term c u r v e - f i t  exp res s ion  are obv ious ly  e r r a t i c .  When a 
l e a s t - s q u a r e s  cu rve  f i t  is  t o  be used f o r  e x t r a p o l a t i o n ,  care must be t aken  i n  
s e l e c t i o n  o f  t h e  c u r v e - f i t  equa t ion .  A large number o f  terms w i l l  r educe  t h e  
e r r o r s  a t  t h e  s p e c i f i c  d a t a  p o i n t s  bu t  may e a s i l y  produce cu rves  which do no t  
re f lec t  t h e  g e n e r a l  c h a r a c t e r  o f  t h e  d a t a .  Program r e s u l t s  f o r  t h e  much s imple r  
two-term c u r v e - f i t  exp res s ion  are r e l a t i v e l y  w e l l  behaved. Except i n  t h e  r e g i o n  
o f  t h e  wing t i p ,  where numer ica l  r e s u l t s  are a f f e c t e d  by a d imin i sh ing  number o f  
d a t a  p o i n t s ,  t h e r e  is a g e n e r a l  t r e n d  o f  t h e  program t o  a s y m p t o t i c a l l y  approach 
a s e c t i o n  t h r u s t  c o e f f i c i e n t  o f  z e r o  ( t h e  des ign  g o a l )  as t h e  span p o s i t i o n  
i n c r e a s e s .  Th i s  is t o  be expec ted ,  because a g iven  amount o f  w ing- l i f t i ng -  
s u r f a c e  c u r v a t u r e  is sp read  ove r  a larger number o f  chordwise wing elements as 
t h e  spanwise d i s t a n c e  i n c r e a s e s .  This  b e n e f i t s  t h e  wing des ign  program i n  d e f i -  
n i t i o n  o f  t h e  camber surface and e v a l u a t i o n  program i n  t h e  d e f i n i t i o n  o f  pres -  
s u r e s .  Although t h e  program t h r u s t  c o e f f i c i e n t s  do n o t  f u l l y  meet t h e  des ign  
goal and are not i d e n t i c a l l y  z e r o ,  f o r  t h e  outboard p o r t i o n  o f  t h e  wing they  
are small re la t ive  t o  t h e  t h r u s t  c o e f f i c i e n t s  f o r  a f l a t  wing o f  t h e  same plan-  
form a t  an a n g l e  o f  a t t a c k  o f  lo .  Perhaps o f  more s i g n i f i c a n c e ,  is  t h e  observa-  
t i o n  t h a t  t h e  cambered-wing t h r u s t  is  ve ry  small compared t o  t h e  t h r u s t  produced 
by a f l a t - p l a t e  wing o f  t h e  same planform developing  t h e  same l i f t  ( t h e  
l i n e a r i z e d - t h e o r y  curve  f o r  a f l a t  wing a t  a = 4O; CL = 0.125) .  
The numer ica l  method f o r  e v a l u a t i o n  o f  cambered-wing leading-edge t h r u s t  
must be capab le  o f  hand l ing  any camber s u r f a c e  i n c l u d i n g ,  as a s p e c i a l  case, a 
p e r f e c t l y  f l a t  l i f t i n g  s u r f a c e .  Th i s  c o n s i d e r a t i o n ,  i n  a d d i t i o n  t o  t h e  f l a t -  
wing c o n t r i b u t i o n  t o  t h e  load ing  o f  cambered wings a t  o f f -des ign  c o n d i t i o n s ,  
n e c e s s i t a t e s  an  examinat ion  o f  t h e  program r e s u l t s  f o r  f l a t  wings when such a 
wing is t r e a t e d  as a cambered wing. It w i l l  be r e c a l l e d  t h a t  f o r  a cambered 
wing t h e  s i n g u l a r i t y  parameter  f u n c t i o n  is taken  as 
i n s t e a d  o f  t h e  f la t -wing  f u n c t i o n  A C  = k l  + k2x ' .  I n  f i g u r e  11  an example 
is g iven  o f  t h e  program t h r u s t  d i s t r i g u t i o n  f o r  a f l a t  wing t r e a t e d  as i f  it 
were a cambered wing. Program r e s u l t s  are seen  t o  be on ly  s l i g h t l y  poore r  than  
f o r  t h e  f la t -wing  t r e a t m e n t  shown i n  f i g u r e  6 .  The c o r r e l a t i o n s  shown h e r e  are 
t y p i c a l  o f  t hose  ove r  a large range  of  B c o t  A v a l u e s .  It would have been 
p o s s i b l e  t o  t rea t  a l l  wings,  f l a t  and cambered, u s ing  t h e  cambered-wing curve  
f i t ;  bu t  because o f  t h e  improved r e s u l t s  and t h e  r e l a t i v e l y  small programming 
compl i ca t ions ,  f l a t  wings were chosen t o  be cons ide red  as a s p e c i a l  c lass .  
A C p P  = k l  + k3/? 
Program t h r u s t  d i s t r i b u t i o n  f o r  t h e  same cambered wing a t  s e v e r a l  a n g l e s  
o f  a t t a c k  is shown i n  f i g u r e  12. The t h r u s t  a t  a = Oo is  seen  t o  be small 
compared t o  t h e  t h r u s t  f o r  t h e  o t h e r  a n g l e s  o f  a t t a c k .  For a l l  t h r e e  a n g l e s  
t h e  program t h r u s t  is above t h e  des ign  g o a l ,  l e a d i n g  t o  t h e  s p e c u l a t i o n  t h a t  
a t  t h e  des ign  c o n d i t i o n  t h e  cambered wing s u r f a c e  h a s  a small amount o f  f l a t -  
wing c h a r a c t e r  n o t  c a l l e d  f o r  i n  t h e  des ign .  Although t h e r e  are some i r r e g u -  
l a r i t i e s ,  t h e  program r e s u l t s  f o r  a l l  t h e  a n g l e s  o f  a t t a c k  are g e n e r a l l y  l i n e a r .  
T o t a l  t h r u s t  c o e f f i c i e n t  as a f u n c t i o n  o f  l i f t  c o e f f i c i e n t  f o r  both t h e  
cambered wing and a f l a t - p l a t e  wing o f  t h e  same planform i s  shown i n  f i g u r e  13. 
The program resu l t s  f o r  t h e  cambered wing show t h a t  i t  came reasonab ly  c l o s e  t o  
meet ing t h e  des ign  t h r u s t  g o a l s .  The d i f f e r e n c e  between t h e  program-indicated 
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t h r u s t  and t h e  des ign  g o a l  cor responds  t o  a l i f t - c o e f f i c i e n t  increment  o f  0 ,016 
(o r  about  0 . 5 O )  which is about  one-eighth o f  t h e  d e s i g n  l i f t  c o e f f i c i e n t .  
PROGRAM DESCRIPTION 
The numer ica l  method f o r  e v a l u a t i o n  o f  leading-edge t h r u s t  has been i n c o r -  
Only r e l a t i v e l y  minor program changes were r e q u i r e d .  The han- 
po ra t ed  i n t o  t h e  program fo r  a n a l y s i s  o f  wings a t  s u p e r s o n i c  speeds  descr ibed 
i n  r e f e r e n c e  8 .  
d l i n g  o f  program i n p u t  d a t a ,  t h e  program g e n e r a t i o n  o f  l o c a l  p r e s s u r e  c o e f f i -  
c i e n t s ,  and t h e  i n t e g r a t i o n s  t o  o b t a i n  f o r c e s  and moments ( w i t h  lead ing-edge  
t h r u s t  exc luded)  remain as b e f o r e .  The pr imary a d d i t i o n s  are: 
. ( 1 )  A s h o r t  r o u t i n e  (12 s t a t e m e n t s )  f o r  t h e  c a l c u l a t i o n  and s t o r a g e  o f  
l o c a l  leading-edge sweep a n g l e s  expressed  as B c o t  A .  
( 2 )  A more l e n g t h y  r o u t i n e  (153 s t a t e m e n t s )  f o r  t h e  c a l c u l a t i o n  and s t o r -  
age o f  leading-edge t h r u s t  parameters  as a f u n c t i o n  o f  a n g l e  o f  a t t a c k  and span 
p o s i t i o n .  
( 3 )  A r o u t i n e  (37 s t a t e m e n t s )  f o r  t h e  r e c a l l  o f  t h r u s t  parameters  and 
program-calculated wing area and t h e  c a l c u l a t i o n  o f  t h r u s t  c o e f f i c i e n t s  and 
l i f t  and drag  c o e f f i c i e n t s  f o r  t h e o r e t i c a l  leading-edge t h r u s t  as w e l l  as f o r  
t he  Polhamus ana logy .  
The key new r o u t i n e  is the  second of t h o s e  l i s t e d .  It c a l c u l a t e s  a d j u s t e d  
p r e s s u r e - c o e f f i c i e n t  l o c a t i o n s  f o r  t h r e e  e l emen t s  behind t h e  l e a d i n g  edge a t  t h e  
span s t a t i o n  be ing  cons ide red  and a t  one s t a t i o n  on e i the r  s i d e  (a t o t a l  of n i n e  
e l e m e n t s ) .  I n  doing t h i s ,  t h e  r o u t i n e  first c y c l e s  through a n g l e s  o f  attack 
( -4O t o  60 f o r  the cambered wing and l o  f o r  t h e  f l a t  wing) and the  f u l l  range  
o f  span p o s i t i o n s  t o  r ecove r  p r e s s u r e  c o e f f i c i e n t s .  The a d j u s t e d  p r e s s u r e -  
c o e f f i c i e n t  l o c a t i o n s  are g iven  by 
where xlfi is t h e  element  midpoint  and F(xlfi) is a f u n c t i o n  of xlfi and 
c o t  A def ined  i n  t h e  appendix .  Data p o i n t s  a r e  d i s c a r d e d  i f  xlfi is  l e s s  
than  0.1,  because t h e  ad jus tmen t  becomes u n r e l i a b l e  a t  small v a l u e s  o f  xlfi as 
F(xlfi) approaches z e r o .  
c i e n t s  (wi th  t h e  program i n t e g r a l  smoothing d i s c u s s e d  i n  re f .  8 )  are a f f e c t e d  by 
t h e  p rox imi ty  o f  t he  wing t r a i l i n g  edge o r  t h e  Mach l i n e  from the l e a d i n g  edge 
of t he  t i p  chord .  Under those  c o n d i t i o n s  t h e  e m p i r i c a l  f u n c t i o n  F(xlfi) is 
no longe r  a p p l i c a b l e .  From the  remaining data p o i n t s  leading-edge s i n g u l a r i t y  
parameters  
i c a l  Method Development," t he  l i m i t i n g  v a l u e  of t h e  s i n g u l a r i t y  parameter  is  
found by a l e a s t - s q u a r e s  f i t  o f  the  e q u a t i o n s  
Data p o i n t s  are d i s c a r d e d  a l s o  i f  t h e  p r e s s u r e  c o e f f i -  
A C p F  are then  c a l c u l a t e d  and ,  as d i s c u s s e d  i n  t he  s e c t i o n  "Numer- 
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f o r  t h e  cambered wing and 
A C p P  k l  + k2x' 
f o r  t h e  f l a t  wing. Numerical ly  t h e s e  l i m i t i n g  v a l u e s  are  found by a p p l i c a t i o n  
of equa t ion  (12)  f o r  t h e  f l a t  wing and e q u a t i o n  (13)  f o r  t h e  cambered wing. A 
t h r u s t - c o e f f i c i e n t  parameter  (n /8)  t a n  A i l  - B2 c o t 2  A(AC,,f i )$  is then  ca l cu -  
l a t e d  and s t o r e d .  The t h r u s t  c o e f f i c i e n t  . i tself  cannot  berca lc ; la ted  a t  t h i s  
p o i n t  i n  t h e  program because t h e  wing area is  as y e t  unknown. If t h e  number o f  
terms n i n  t h e  l e a s t - s q u a r e s  summation is less than  f o u r ,  t h e  l i m i t i n g  v a l u e  
of t h e  leading-edge s i n g u l a r i t y  parameter  and t h e  t h r u s t - c o e f f i c i e n t  parameter  
are n o t  c a l c u l a t e d ;  i n s t e a d ,  t h e  t h r u s t - c o e f f i c i e n t  parameter  fs determined 
from a l inear  l e a s t - s q u a r e s  e x t r a p o l a t i o n  o f  t h e  p r e v i o u s l y  c a l c u l a t e d  t h r u s t -  
c o e f f i c i e n t  parameters  f o r  t h e  p rev ious  t h r e e  inboard  span s t a t i o n s .  A t  t h e  
same time t h e  t h r u s t - c o e f f i c i e n t  parameter  is  c a l c u l a t e d ,  similar parameters  
f o r  l a t e r  use  i n  de t e rmina t ion  o f  wing l i f t  and d rag  increments  by means o f  
equa t ions  ( 8 )  t o  (11) are c a l c u l a t e d  and s t o r e d .  
The o t h e r  program changes do n o t  r e q u i r e  e l a b o r a t i o n .  A l l  o f  t h e  o u t p u t  
d a t a  o f  t h e  p rev ious  program ( f o r  wings wi thou t  leading-edge t h r u s t )  are r e t a i n e d .  
The r e v i s e d  program a l s o  p rov ides  d i s t r i b u t i o n s  o f  s e c t i o n  t h r u s t  c o e f f i c i e n t  C t  
f o r  a cambered wing a t  s e l e c t e d  a n g l e s  o f  a t t a c k  and d i s t r i b u t i o n s  o f  f o r  
a f l a t  wing. I n  a d d i t i o n ,  l i f t  and d r a g  c o e f f i c i e n t s  are g iven  f o r  t h e  f l a t  wing 
and t h e  cambered wing a t  s e l e c t e d  a n g l e s  o f  a t t a c k  f o r  bo th  t h e o r e t i c a l  l ead ing -  
edge t h r u s t  and t h e  Polhamus leading-edge-suc t ion  ana logy .  Copies o f  t h e  pro-  
gram i n  t h e  form of  c a r d  decks  o r  t a p e s  as d e s i r e d  may be purchased from COSMIC, 
112 Barrow H a l l ,  t h e  U n i v e r s i t y  o f  Georgia ,  Athens,  GA 30602. 
C t / a 2  
PROGRAM APPLICATION 
A series o f  examples has  been prepared  t o  i l l u s t r a t e  t h e  a p p l i c a t i o n  o f  
t h e  program t o  wings wi th  cranked and curved l e a d i n g  edges .  For t h e s e  examples 
t h e r e  is no a p p l i c a b l e  t h e o r y  by which t o  judge t h e  program r e s u l t s .  I n  t h e  
examples f o r  f l a t  wings,  however, t h e  l o c a l  sweep approximat ion  d i s c u s s e d  i n  
t h e  s e c t i o n  " T h e o r e t i c a l  Cons idera t ion"  w i l l  be o f  va lue  i n  a s s e s s i n g  r e s u l t s .  
Thrus t  d i s t r i b u t i o n s  f o r  a f l a t  wing wi th  cranked l e a d i n g  edges are shown 
i n  f igures 14 and 15. I n  f i g u r e  14, t h e  wing o u t e r  pane l  is  more h i g h l y  swept 
and i n  f i g u r e  15 t h e  i n n e r  pane l  is  more h i g h l y  swept .  The Mach numbers were 
chosen t o  p r e s e n t  f o r  each wing an  a l l - s u b s o n i c  leading-edge c o n d i t i o n  and a 
mixed-subsonic-supersonic leading-edge c o n d i t i o n .  
I n  f i g u r e  1 4 ,  t h e  d a t a  f o r  M = 1.75 shows an a b r u p t  change i n  t h e  t h r u s t  
c o e f f i c i e n t  a t  t h e  leading-edge break  wi th  o n l y  two o r  t h r e e  p o i n t s  showing an  
a p p r e c i a b l e  degree  o f  numer ica l  i n s t a b i l i t y .  
t h r u s t  approaches  t h a t  p r e d i c t e d  by t h e  l o c a l  sweep approximat ion .  It is s u r -  
p r i s i n g  t h a t  t h e  numer ica l  r e s u l t s  show t h i s  l i m i t  t o  be approached so q u i c k l y .  
For a Mach number of 2.75,  t h e  i n n e r  p a n e l  h a s  a s u p e r s o n i c  l e a d i n g  edge and no 
Outboard o f  t h e  c r a n k ,  t h e  program 
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leading-edge t h r u s t  is  developed.  Beyond t h e  break  p o i n t ,  t h e  program t h r u s t  
approaches  t h a t  g iven  by t h e  l o c a l  sweep approximat ion  bu t  a t  a r e l a t i v e l y  slow 
r a t e .  
I n  f i g u r e  15, a t  M = 1.75, where both  p a n e l s  have subson ic  l e a d i n g  edges ,  
numer ica l  i n s t a b i l i t i e s  a g a i n  appear  t o  be r e s t r i c t e d  t o  two o r  t h r e e  p o i n t s  i n  
t h e  v i c i n i t y  of t h e  b reak .  Outboard o f  t h e  b r e a k ,  t h e  expec ted  a sympto t i c  
approach t o  t h e  l o c a l  sweep approximat ion  is observed .  For a Mach number o f  
2.75 t h e  program behav io r  is a g a i n  as expec ted .  
Program t h r u s t  d i s t r i b u t i o n s  f o r  a f l a t  wing wi th  a c o n t i n u o u s l y  cu rv ing  
l e a d i n g  edge are shown i n  f i g u r e  16.  
l e a d i n g  edge de f ined  by 
The llogeell planform o f  t h i s  wing has  a 
Data are shown fo r  t h r e e  Mach numbers, one o f  which r e s u l t s  i n  a mixed-subsonic- 
s u p e r s o n i c  leading-edge c o n d i t i o n .  Here t h e  l o c a l  sweep approximat ion  can be 
used only  as a rough gu ide  t o  a i d  i n  d e t e c t i o n  of g r o s s  program e r r o r s .  Such 
e r r o r s  do n o t  appear  t o  have m a t e r i a l i z e d .  It should  be noted  t h a t  a t  t h e  wing 
t i p ,  where t h e  sweep a n g l e  i s  90°, t h e  l o c a l  sweep approximat ion  g i v e s  a t h r u s t  
c o e f f i c i e n t  va lue  o f  
f o r  a l l  Mach numbers, a v a l u e  which a p p e a r s  t o  be approached by t h e  program 
r e s u l t s .  
I n  view o f  t h e  preceding  examples and o t h e r s  n o t  p re sen ted  i n  t h i s  p a p e r ,  
i t  is  be l i eved  t h a t  t h e  numer ica l  p rocedures  f o r  e v a l u a t i o n  o f  f l a t -wing  
leading-edge t h r u s t  are r easonab ly  a c c u r a t e .  One somewhat s u r p r i s i n g  r e s u l t  o f  
t h i s  s tudy  is  t h e  c l o s e  agreement of t h e  ve ry  s imple  l o c a l  sweep approximat ion  
wi th  t h e  program r e s u l t s .  Th i s  approximation a p p e a r s  t o  be r easonab ly  a c c u r a t e  
u n l e s s  large changes i n  t h e  l o c a l  sweep a n g l e  (or  a h igh  degree  o f  leading-edge 
c u r v a t u r e )  are encountered .  The approximat ion  appea r s  t o  be most a c c u r a t e  when 
changes i n  t h e  l o c a l  sweep a n g l e  may be cons ide red  t o  be small r e l a t i v e  t o  t h e  
a n g u l a r  d i f f e r e n c e  between t h e  leading-edge sweep a n g l e  and t h e  Mach-line sweep 
a n g l e .  Note t h a t  f o r  t h e  rlogeell w i n g  example, t h e  approximat ion  is  poor on ly  
f o r  a Mach number o f  2 .5 .  T o t a l  t h r u s t  c o e f f i c i e n t s  f o r  t h e  ogee wing are shown 
i n  f i g u r e  17 as a f u n c t i o n  o f  Mach number. Over t h e  Mach number range i n  which 
t h e  l e a d i n g  edge i s  everywhere subson ic ,  t h e  l o c a l  sweep approximation g i v e s  
good resul ts .  A t  t h e  h i g h e s t  Mach numbers t h e  s imple  approximat ion  may be i n  
e r r o r  by a f a c t o r  o f  2 o r  more. Where t h e  e r r o r  f a c t o r s  a r e  large, however, t h e  
a c t u a l  t h r u s t  l e v e l s  are r e l a t i v e l y  small. 
Because leading-edge t h r u s t  is  now an e a s i l y  ob ta ined  byproduct  of t h e  
wing program used t o  e v a l u a t e  p r e s s u r e  l o a d i n g s  and i n t e g r a t e d  f o r c e s  f o r  wings 
o f  a r b i t r a r y  planform, t h e r e  is l i t t l e  need f o r  t h e  l o c a l  sweep approximat ion  as 
18 
an e v a l u a t i o n  t o o l .  It may, however, be u s e f u l  i n  des ign  o f  leading-edge shapes  
f o r  s p e c i f i e d  t h r u s t  d i s t r i b u t i o n s .  Such a wing-planform des ign  t o o l  could  be 
employed i n  a t t e m p t s  t o  de l ay  t o  h i g h e r  a n g l e  o f  a t t a c k  t h e  o n s e t  o f  s e p a r a t i o n -  
induced v o r t e x  f low and t h e  a s s o c i a t e d  d rag  p e n a l t i e s .  Conversely,  t h e  des ign  
t o o l  could  e q u a l l y  w e l l  be employed i n  a t t e m p t s  t o  s t r e n g t h e n  and s t a b i l i z e  a 
separa t ion- induced  v o r t e x  f low which t e n d s  t o  form a t  maneuver c o n d i t i o n  f o r  
h i g h l y  swept wings.  Examples o f  wing planform des ign  f o r  s p e c i f i e d  t h r u s t  d i s -  
t r i b u t i o n  are shown i n  f i g u r e  18. A d e l t a  wing wi th  70° sweptback l e a d i n g  edge 
was t h e  b a s i c  planform. For each o f  t h e  t h r e e  Mach numbers shown, t h e  l e a d i n g  
edge w a s  a l t e r e d  from t h e  mid-semispan p o s i t i o n  outboard  t o  ma in ta in  a c o n s t a n t  
t h r u s t  l e v e l .  Equat ion (6 . )  w a s  so lved  by i t e r a t i o n  t o  d e f i n e  t h e  r e q u i r e d  l o c a l  
sweep a n g l e  and t h e  r e s u l t a n t  leading-edge c o o r d i n a t e s .  The t r a i l i n g - e d g e  sweep 
a n g l e  was changed so  as t o  p r e s e r v e  t h e  area o f  t h e  b a s i c  d e l t a  wing. Program 
r e s u l t s  f o r  t h e  a l t e r e d  planforms agree reasonab ly  w e l l  w i th  t h e  des ign  g o a l s .  
Exper imenta t ion  i s  r e q u i r e d  t o  de te rmine  t h e  p r a c t i c a l  b e n e f i t s  o f  such a des ign  
approach .  
Program t h r u s t  d i s t r i b u t i o n  f o r  a cambered wing o f  a r b i t r a r y  planform is 
shown i n  f i g u r e  19. The wing des ign  program o f  r e f e r e n c e  8 was used t o  d e f i n e  
a camber s u r f a c e  f o r  an Irogeeql wing whose planform was p r e v i o u s l y  d e s c r i b e d .  
The s u r f a c e  was designed t o  produce a minimum drag  a t  a Mach number of  2.0 and 
a t  a l i f t  c o e f f i c i e n t  o f  0.12. The camber s u r f a c e  was de f ined  by an  optimum 
combinat ion o f  t h e  first seven l o a d i n g s  o f  reference 8 .  It i s  seen  t h a t  t h e  
t h r u s t  l e v e l  f o r  CY. = O o ,  which cor responds  t o  t h e  des ign  l i f t  c o e f f i c i e n t ,  i s  
ve ry  low. A t  i n c r e a s i n g  a n g l e s  o f  a t t a c k ,  a l though  t h e  program r e s u l t s  d i s p l a y  
some o s c i l l a t i o n s ,  t h e r e  i s  a g e n e r a l l y  smooth d i s t r i b u t i o n  which approaches 
t h e  f l a t - p l a t e  r e s u l t s  f o r  t h i s  planform shown i n  f i g u r e  16 .  I n  t h i s  case t h e r e  
is  no a b s o l u t e  way t o  judge program r e s u l t s ;  t h e s e  r e s u l t s  do ,  however, appear  
t o  be r easonab le .  
The numer ica l  method a l s o  p rov ides  d a t a  f o r  c o n s t r u c t i o n  o f  l i f t - d r a g  
p o l a r s .  F i r s t ,  t h i s  i n fo rma t ion  is  g iven  f o r  no leading-edge t h r u s t ,  then  d a t a  
f o r  t h e  case o f  t h e o r e t i c a l  o r  100-percent t h r u s t  are l i s t e d ,  and f i n a l l y  l i f t -  
drag  d a t a  i n  which t h e  Polhamus leading-edge-suct ion ana logy  has  been a p p l i e d  
are provided .  Typ ica l  d a t a  f o r  an "ogee1' planform wing are  shown i n  f i g u r e  20. 
Data f o r  a f l a t  wing, f i g u r e  2 0 ( a ) ,  show a s i g n i f i c a n t  r e d u c t i o n  i n  d rag  i f  
t h e o r e t i c a l  leading-edge t h r u s t  could be a t t a i n e d .  The Polhamus analogy i n d i -  
cates h i g h e r  d rag  v a l u e s  which are probably  r ea l i s t i c  estimates f o r  such a wing 
wi th  separa t ion- induced  v o r t e x  flow a t  t h e  l e a d i n g  edge.  The Polhamus analogy 
d rag  v a l u e s  are n e v e r t h e l e s s  lower than  those  o f  t h e  upper curve  f o r  which t h e  
assumption o f  no t h r u s t  and no v o r t e x  l i f t  was made. For  t h e  cambered lrogee,l l  
f i g u r e  2 0 ( b ) ,  t h e  t h e o r e t i c a l - t h r u s t  assumption and t h e  Polhamus analogy g i v e  
similar r e s u l t s  f o r  t h e  e f fec ts  o f  t h r u s t  a t  o f f -des ign  c o n d i t i o n s .  E i t h e r  
curve  should  p rov ide  a r e a s o n a b l e  estimate o f  t h e  wing aerodynamic performance.  
CONCLUDING REMARKS 
A numer ica l  method f o r  t h e  e s t i m a t i o n  of leading-edge t h r u s t  f o r  s u p e r s o n i c  
wings o f  a r b i t r a r y  planform h a s  been developed and h a s  been programmed as an 
e x t e n s i o n  t o  an e x i s t i n g  high-speed d i g i t a l  computer method f o r  p r e d i c t i o n  o f  
wing p r e s s u r e  d i s t r i b u t i o n s .  The accu racy  o f  t h e  method is  a s s e s s e d  by compari- 
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son wi th  l i n e a r i z e d - t h e o r y  r e s u l t s  f o r  a ser ies  of f l a t  de l t a  wings. Applica- 
t i o n  o f  t h e  method t o  w i n g s  of a r b i t r a r y  planform - both  f l a t  and cambered - is 
i l l u s t r a t e d  i n  s e v e r a l  examples. A s imp le  l o c a l  sweep approximat ion  is shown 
t o  p rov ide  r e a s o n a b l e  estimates o f  t h r u s t  for c e r t a i n  classes of f l a t  wings o f  
a r b i t r a r y  planform and t o  permi t  t h e  des ign  of a wing l e a d i n g  edge f o r  a s p e c i -  
f i e d  t h r u s t  d i s t r i b u t i o n .  The program p r o v i d e s  s e c t i o n  t h r u s t  d i s t r i b u t i o n s  
and l i f t  and d r a g  f o r  bo th  f l a t  and cambered wings o f  a r b i t r a r y  planform. 
R e s u l t s  are g i v e n  f o r  t h e o r e t i c a l  l ead ing-edge  t h r u s t  and f o r  a p p l i c a t i o n  o f  
t h e  Polhamus leading-edge-suc t ion  ana logy .  
Langley Research Center  
Na t iona l  Aeronau t i c s  and Space Admin i s t r a t ion  
Hampton, VA 23665 
August 3 ,  1978 
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APPENDIX 
ANALYSIS OF ERRORS I N  THE PROGRAM OF REFERENCE 8 
A s  mentioned i n  t h e  s e c t i o n  e n t i t l e d  "Numerical Method Development," 
e r r o r s  i n  l i f t i n g  p r e s s u r e  c o e f f i c i e n t s  c a l c u l a t e d  by t h e  wing a n a l y s i s  program 
o f  r e f e r e n c e  8 were found t o  d i s p l a y  a remarkably organized  c h a r a c t e r .  These 
e r r o r s  were s t u d i e d  by examining program 
It is  t h e  n a t u r e  o f  t h e  numer ica l  method t h a t  pressure data for a given Mach 
number and leading-edge sweep a n g l e  are i d e n t i c a l  ( excep t  f o r  t h e  f a c t o r  B )  
t o  t h a t  f o r  a l l  o t h e r  Mach numbers and sweep a n g l e s  f o r  which t h e  leading-edge 
sweep parameter  f3 c o t  A remains a c o n s t a n t .  Thus, i t  was p o s s i b l e  t o  t rea t  
a ve ry  large number of  Mach number/sweep-angle c o n d i t i o n s  by c o l l e c t i n g  d a t a  
f o r  a d e l t a  w i n g  w i th  a g i v e n  sweep a n g l e  (A  = 70°) a t  a v a r i e t y  of  Mach num- 
b e r s .  Because o f  t h e  s t r o n g  i n f l u e n c e  of l o c a l  sweep c o n d i t i o n s ,  t h i s  e r r o r  
a n a l y s i s  is  be l i eved  t o  be a p p l i c a b l e  t o  wings o f  a r b i t r a r y  planform provided  
t h e  leading-edge c u r v a t u r e  is small o r  t h a t  t h e  p o i n t  i n  q u e s t i o n  is a t  a s u f -  
f i c i e n t  d i s t a n c e  from any b reaks  i n  t h e  l e a d i n g  edge.  
ACp d a t a  f o r  a ser ies  o f  d e l t a  wings. 
A sample o f  t h e  d i s t r i b u t i o n  o f  program ACp e r r o r s ,  t h e  r a t i o  of program 
t o  l i n e a r i z e d - t h e o r y  p r e s s u r e  c o e f f i c i e n t s ,  as a f u n c t i o n  o f  t h e  d i s t a n c e  behind 
t h e  l e a d i n g  edge i n  program u n i t s  is shown i n  f i g u r e  21. These r e p r e s e n t a t i v e  
d a t a  f o r  4 of  t h e  18 B c o t  A v a l u e s  inc luded  i n  t h e  s t u d y  cover  program u n i t  
span p o s i t i o n s  from 3 t o  t h e  maximum p e r m i s s i b l e  f o r  a g iven  B c o t  A v a l u e  
( i n t e g e r  v a l u e  o f  100 B c o t  A f o r  B c o t  A less than  0.5 and 50 f o r  B c o t  A 
greater than  0 . 5 ) .  Actua l ly ,  because o f  t h e  i n f l u e n c e  o f  t h e  wing t r a i l i n g  edge 
and t h e  wing-t ip  Mach l i n e  i n  a l t e r a t i o n  o f  p r e s s u r e  v a l u e s ,  d a t a  f o r  span pos i -  
t i o n s  i n  t h e  immediate v i c i n i t y  o f  t h e  t i p  were i n  many cases d i s c a r d e d .  For 
a l l  v a l u e s  o f  B c o t  A ,  t h e  p r e s s u r e  c o e f f i c i e n t  r a t i o  ACp,p/ACp,Th appea r s  
t o  approach z e r o  wi th  d e c r e a s i n g  v a l u e s  of  xi. Because t h e  p r e s s u r e - l o c a t i o n  
ad jus tment  d i s c u s s e d  i n  t h e  s e c t i o n  "Numerical Method Development" depends on 
t h e  i n v e r s e  squa re  o f  t h i s  r a t i o ,  and because i ts  approach t o  z e r o  does no t  
fo l low a p r e c i s e  p a t t e r n ,  ad jus tmen t s  f o r  small v a l u e s  o f  xIf7 are no t  r e l i a b l e .  
P r e s s u r e  d a t a  f o r  xrfi less than  0 . 1  are d i s c a r d e d  i n  t h e  lead ing-edge- thrus t  
e v a l u a t i o n  p rocess  and t h e s e  d a t a  are a l s o  omi t ted  i n  f i g u r e  21. The very  small 
B c o t  A v a l u e s  (0 .096 ,  f o r  example) were i n c l u d e d ,  n o t  because d e l t a  wings wi th  
h igh  sweep a n g l e s  are o f  i n t e r e s t ,  bu t  because h igh  l o c a l  sweep a n g l e s  may be 
found on some wings of  a r b i t r a r y  planform. 
For t h e  range  of  p r a c t i c a l  sweep a n g l e s  f o r  d e l t a  wings,  6 c o t  greater  
than  0 .5 ,  t h e  program e r r o r s  are r e l a t i v e l y  small ( excep t  j u s t  behind t h e  l ead -  
ing  edge) and damp o u t  q u i c k l y  with i n c r e a s i n g  d i s t a n c e  from t h e  l e a d i n g  edge.  
A t  small v a l u e s  o f  t h e  B c o t  A parameter  t h e  e r r o r s  become q u i t e  large and 
damp o u t  much more s lowly  wi th  i n c r e a s i n g  d i s t a n c e .  However, i t  h a s  been 
observed t h a t  f o r  any g i v e n  c o t  A v a l u e  (whether  large o r  s m a l l )  t h e  e r r o r s  
fo l low a d i s t i n c t i v e  p a t t e r n .  For t h e  sample d i s t r i b u t i o n s  shown h e r e ,  t h e  
e r r o r s  f o r  a g iven  €3 c o t  A f a l l  i n t o  a r e l a t i v e l y  narrow band which can be 
approximated by an  e m p i r i c a l  f u n c t i o n  dependent  on ly  on xrfi. 
The behav io r  of t h e  p r e s s u r e  c o e f f i c i e n t  r a t i o  ACp,p/ACR,Th as a f u n c t i o n  
o f  f3 c o t  A is shown i n  f i g u r e  22. Program d a t a  shown h e r e  ave  been ob ta ined  
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f o r  t h r e e  s e l e c t e d  xlfi v a l u e s  from f a i r i n g s  of cu rves  o f  ACp,p/ACp,Th as 
a f u n c t i o n  of x& such as those  shown i n  f i g u r e  21. Again, i t  can be seen  
t h a t  a l though  t h e  e r r o r s  become q u i t e  large,  e s p e c i a l l y  f o r  small v a l u e s  o f  
f3 c o t  A ,  t hey  d i s p l a y  an o r d e r l y  and p r e d i c t a b l e  behav io r .  
The f o l l o w i n g  set of e q u a t i o n s  were found t o  p rov ide  an adequa te  r e p r e -  
s e n t a t i o n  f o r  an e m p i r i c a l  f u n c t i o n  d e f i n i n g  program e r r o r s  t o  be 
expec ted  a t  a g iven  xlfi l o c a t i o n  f o r  a g iven  local sweep-angle c o n d i t i o n  
B c o t  A.  
F(xlfi) 
For 0.1 < xlfi 5 0.5 
where 
For 0.5 < xlfi 5 1.5 
where F (0 .5 )  is  an e v a l u a t i o n  of equa t ion  ( 1 4 )  f o r  x& = 0.5 
and f o r  0.5 5 6 c o t  A 5 1.0  
k2 = -0.49 - 0.71(1 - f3 c o t  A )  - 1.42(1 - B c o t  A)'2 
k3 = 0.09 + 2.42(1  - 6 Cot A )  - 3.24(1 - B Cot A I 2  
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or  f o r  0 6  c o t h  5 0.5 
k2 = -1.80 + 0.60//6 c o t  h/0 .5  
k3 = 1.12 - 0.63//6 c o t  U0.5 
For 1.5 < x & <  2 .5  
F(x&) = F ( 1 . 5 )  + kl(xIfi - 1.5)  + k2(xIfi - 1.5)2  + k3(xIfi - 1 . 5 ) 3  (16 )  
where F(1 .5)  is an e v a l u a t i o n  of equa t ion  ( 1 5 )  f o r  x& = 1.5 
and f o r  J . 5  6 B c o t  A 5 1.0 
k l  0.57 - 2.75(1  - f3 Cot A >  + 8 .02(1  - 6 Cot A I 2  
- 9.28(1 - f3 c o t A 1 3  
k3 = 0.40 - 2.38(1  - f3 c o t  A )  - 1.51(1  - f3 c o t  A I 2  
+ 7.90(1 - f3 c o t  A13 
o r  f o r  0.25 6 f3 c o t  A < 0.5  
k l  = 0.04 - 8 .88(0 .5  - 6 c o t  A )  + 32.42(0.5 - 6 c o t  A I 2  
- 26.00(0.5 - B c o t  1\13 
k2 = 0.40 - 5.14(0 .5  - 6 c o t  A )  + 51.79(0 .5  - B c o t  A I 2  
- 144.12(0.5 - c o t  A I 3  
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or f o r  0 < 6 c o t  A < 0.25 
k2 = 0.14 - 0.04/(6 Cot A m 5  
k3 = -0.45 + 0.36//6 c o t  A/0.25 
These e x p r e s s i o n s  have been programmed t o  p rov ide  t h e  a d j u s t e d  l i f t i n g  
p r e s s u r e  c o e f f i c i e n t  l o c a t i o n  d i s c u s s e d  i n  t h e  s e c t i o n  "Numerical Method 
Development. lr 
I n  t h e  cour se  o f  t h i s  s t u d y ,  an  e r r o r  i n  t h e  d e s c r i p t i o n  o f  t h e  a f t -  
element  s e n s i n g  t echn ique  for p r e s s u r e - c o e f f i c i e n t  smoothing g iven  i n  refer-  
ence 8 was uncovered.  For leading-edge e l emen t s  t h e  e x p r e s s i o n  ( e q .  (33)) 
should  have r e a d :  
where f o r  t h f s  purpose o n l y ,  A ( L * , N * )  is se t  e q u a l  t o  A(L,N) f o r  t h e  same 
e lement .  
i t s e l f .  
The e r r o r  occur red  i n  t h e  program d e s c r i p t i o n  and n o t  i n  t h e  program 
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Figure 1 . -  The r e l a t i v e  importance of leading-edge t h r u s t  a t  subsonic  
and supe r son ic  speeds. 
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Figure 3 . -  An i l lust rat ion of the systematic nature of the errors 
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Figure 4.- An i l l u s t r a t i o n  of t h e  use of t h e  empirical func t ion  F(x,i,) 
i n  ob ta in ing  a corrected p res su re  loca t ion .  
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Figure 5.- An example of the application of a simple curve-fit function 
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Figure 7.- Comparison of program and theoretical thrust distribution for flat 
delta wings covering a range of $ cot A values. 
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Figure 9.- An example of the application of simple curve-fit functions 
to adjusted data for a cambered wing at design lift condition. 
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Figure 10.- Program thrust distribution for a cambered wing at design lift condition. 
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Figure  11 .- Program t h r u s t  d i s t r i b u t i o n  f o r  a f l a t  wing t r e a t e d  as i f  it 
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Figure 12.-  Program t h r u s t  distribution for a cambered wing a t  several 
angles of attack. 
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Figure  13.- Program t h r u s t  c o e f f i c i e n t  f o r  a cambered wing and a comparison 
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Figure 14. -  Program t h r u s t  d i s t r i b u t i o n  fo r  a cranked-leading-edge f l a t  wing 
















Figure  15.- Program t h r u s t  d i s t r i b u t i o n  f o r  a cranked-leading-edge f l a t  wing 
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F i g u r e  16.- Program t h r u s t  d i s t r i b u t i o n  for a f l a t  "ogee" wing. 
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Figure 17.-  Program t h r u s t  c o e f f i c i e n t s  f o r  a f l a t  "ogee" wing. 
2 
a! 









0 e ..' 














0 .  . Program resul ts  








- No thrust nor vortex lift 
---- Theoretical thrust 
--- Polhamus analogy 
(a)  F l a t  wing. 





0 .04 .08 .12 .16 .20 
cL 
(b) Cambered wing. 
-No thrust nor vortex lift 
---- Theoretical thrust  
--- Polhamus analogy 
Figure  20. - Concluded. 
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Figure 22.- Er rors  i n  t he  program of re ference  8 a s  a funct ion of 6 c o t h  
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